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MG DAU

1. Ly do chon dé tai.

Trong chuong trinh toan trung hoc phd thong, Hinh hoc khong gian
la mot trong nhimg moén hoc khé doi héi hoc sinh phai ¢é tinh tu duy
va tritu tugng cao, trong dé quan hé song song va quan hé vuong goc la
nhing ndi dung co ban. Cac phuong phap giai toan hinh hoc khong gian
thuong dung la: Phuong phap vecto, phuong phap toa do, phuong phap
diing quan hé song song, quan hé vudng géc, phuong phap téng hap, ...

Dé gidi mot bai toan néi chung, bai toan hinh hoc khong gian néi rieng,
c6 thé c6 nhiéu cach giai khac nhau. Van dé la phai phan tich kj cac dit
licu ciia gia thiét ciing nhu cac yéu cau clia két luan dé chon mot phuong
phap giai thich hgp, ré rang, ngin gon va dé hiéu. Nham muc dich tim
hiéu cac cach giai toan hinh hoc khong gian dé phuc vu cho cong viéc gidng
day, toi chon dé tai cho luan vin thac si ctia minh 1a “Mdt s6 phuong
phap giai toan hinh hoc khong gian”.

2. Muc dich va nhiém vu nghién ctu

Tim hiéu phuong phap vectd, phuong phap toa do trong khong gian
va quan hé song song, quan hé vudng gbéc trong giai toan hinh hoc khong
gian. Dinh huéng viéc tng dung tiing phuong phap cho tirng 16p bai toan
cu thé.

He théng va phan loai cdc bai toan hinh hoc khong gian c6 thé giai
dude biang phuong phap vectd, phuong phap toa do va st dung cic quan
hé song song, quan hé vuong goc.

3. D6i tugng va pham vi nghién citu.

Phuong phap vecto, phuong phap toa do trong khong gian va quan hé
song song, quan hé vuong goc trong giadi todn hinh hoc khoéng gian.

Cac bai toan hinh hoc khong gian giai dugec bing cic phuong phap
vectd, phuong phéap toa do, phuong phap st dung quan hé song song,
quan hé vudng géc.

4. Phuong phap nghién ciu

Thu thap, téng hop, hé théng cac tai liu c6 noi dung lien quan dén dé
tai luan van, dic biét 1a cac tai lidu lien quan dén hinh hoc khong gian.

Phan tich, nghién ctu cac tai lieu dé thyc hien dé tai luan van.

Trao déi, thao luan, tham khao ¥ kién ciia gido vien huéng dan, ciia
cac chuyén gia vi cac dong nghiép.

5. Cau tric cta luan van

Ngoai phan mé dau va két luan noi dung ctia Luan van duge chia thanh
4 chuong:

Chuong 1 — Céc kién thitc chuan bi.

Chuong 2 — Phuong phap vecto.

Chuong 3 — Phuong phép toa do.

Chuong 4 — Phuong phap st dung quan hé song song, quan hé vudng
goc.



~ CHUONG 1
KIEN THUC CHUAN BI

Chuong nay trinh bay so luge nhitng kién thitc co sd vé hé toa do trong
khong gian, quan hé song song v quan hé vudéng goéc dé lam tién dé cho
cac chuong sau. Cac chi tiét lien quan ¢6 thé xem trong [9], [11], [16].

1.1 QUAN HE SONG SONG VA QUAN HE VUONG GOC

Muc nay nhic lai mot s6 khai niem va két qua vé quan hé song song,
quan hé vuong goc.
1.1.1. Quan hé song song

Dinh nghia 1.1.1. Trong khong gian, hai dudong thing bat ky dugc
goi 1a song song véi nhau néu ching déng phing va khong c6 diém chung.

Dinh 1y 1.1.1. Trong khong gian, cho duong thing d va diém A nim
ngoai duong thing d. Lic dé ton tai duy nhat mot duong thing a di qua
A vi song song véi duong thing d.

Dinh Iy 1.1.2. Hai dudng théng phan biét cling song song véi mot
duong thang thit ba thi song song véi nhau.

Dinh Iy 1.1.3 (Dinh ly vé ba giao tuyén ciia ba mat phing). Néu ba
mit phing doi mot cit nhau theo ba giao tuyén phan biét thi ba giao
tuyén do6 ho#ic dong quy hofic d6i mot song song.

Dinh nghia 1.1.2. Trong khong gian, duong thing d va mit phing
(P) dugc goi la song song v6i nhau néu ching khong c6 diém chung, ki

hieud // (P).

Dinh 1y 1.1.4. Diéu kién can va di dé mot duong théng song song véi
mot miit phing 1a duong thing d6 khong nim trong mit phing va song
song v6i mot dudng thang nao d6 trong mit phang.

Dinh 1y 1.1.5. Néu hai mit phing ciing song song hoiic chita mot
dudng thing va ching cit nhau thi giao tuyén ciia ching song song hodc
trung véi duong thang trén.

Dinh 1y 1.1.6. Cho diém A va hai dudng thing a, b chéo nhau. Lic
d6 ton tai duy nhat mot phang (P) di qua A sao cho (P) song song hoic
chita a va song song hoic chita b.

Dinh 1y 1.1.7. Cho duong thing a song song véi mit phang (P). Néu
dudng thing b song song véi duong thing a thi b song song hoiic thudc
mat phang (P).

Dinh nghia 1.1.3. Trong khong gian, hai mit phang (P) va (Q) dugc
goi 14 song song v6i nhau néu chiing khong c¢6 diém chung.

binh 1y sau cho phép dua viéc ching minh hai mit phing song song
vé chiing minh dudng thing song song véi mit phing.



Dinh ly 1.1.8. Cho hai mit phang (P), (Q). Ltc dé (P) v (Q) song
song v6i nhau khi va chi khi trong mat phéng (Q) ton tai hai duong thing
a, b cit nhau sao cho a v b déu song song véi (P).

Dinh 1y 1.1.9. Qua mot diém nim ngoai mot mit phing c6 mot va
chi mot mat phing song song véi miit phing doé.

Dinh 1y 1.1.10. Cho hai mit phang song song. Néu mot mit phing
cit miit phing nay thi cling cit mit phing kia va hai giao tuyén song song
v6i nhau.

1.1.2. Quan hé vudng gbéc

Dinh nghia 1.1.4. Géc giita hai dudng théng a va b trong khong gian
la géc gitta hai duong théng a’ va b’ ciing di qua mot diém va lan lugt
song song vGi a va b.

Dinh nghia 1.1.5. Hai duong thang dugc goi la vuong géc véi nhau
néu goc gitta chiing bang 90°.

Dinh nghia 1.1.6. Mot dudng thing dugc goi 1a vudng goc véi mot
miit phéng néu duong thing dé vudng géc véi moi dudng théng ndm trong
mit phing.

Khi duong thing a vuong géc véi mat phing (P) ta con néi mat phing
(P) vuong goc véi a hodc a va (P) vuong géc nhau va ky hieu la a L (P)
hay (P) L a.

Dinh 1y 1.1.11. Néu mot duong thing vuong goc véi hai duong thang
cat nhau cing thuoc mot mat phing thi dudng thiang d6 vuong géc véi
méit phang Ay.

Dinh nghia 1.1.7. Phép chiéu song song lén mit phang (P) theo
phuong 1 vuong géc v6i mit phang (P) goi 1a phép chiéu vuong géc len
mit phing (P).

Dinh Iy 1.1.12 (Dinh ly ba duong vuong géc). Cho duong thing a
khong vuong géc véi miat phéang (P) va dudng thing b ndm trong mat
phéng (P). Khi d6 diéu kién can va di dé b vuong géc véi a 1a b vuong
go6c v6i hinh chiéu a’ ciia a trén (P).

Dinh nghia 1.1.8. Néu dudng théng a vuong géc véi mat phing (P)
thi ta noéi ring goc gitta duong thang a va mat phang (P) bang 90°.
Néu duong théng a khong vuong goc véi (P) thi goc gitta a va hinh chiéu
a’ clia n6 trén (P) goi la goc gitta dudng thing a va mat phang (P).

Dinh nghia 1.1.9. Goc giita hai mit phing la géc giita hai dudng
théng 1an lugt vudng géc véi hai mit phing do.



Dinh nghia 1.1.10. Khoang céch tit mot diéem M dén (P) (hogc dén
dudng thang d) 14 khoéng cach giita hai diém M va H, trong d6 H 1a hinh
chiéu ctia diém M tren (P) (hogc trén dudng thing d).

Dinh nghia 1.1.11. Khodng cach giita duong thing a v mit phing
(P) song song véi a la khodng céch tit mot diém bat k¥ ctia a dén mat
phing (P).

Dinh nghia 1.1.12. Khoang cach giita hai mait phing song song la
khoang céch tit mot diém béat k¥ clia mit phiing nay dén mat phéng kia.

Dinh nghia 1.1.13. Duong thing A cit hai duong thing chéo nhau
a, b v cling vudng géc v6i mdi dudsng ay dude goi 1a dudng vudng goéc
chung.

Dinh nghia 1.1.14. Néu dudng vuong géc chung cit hai dudng thang
chéo nhau tai I va J thi doan thing IJ goi 1& doan vudng géc chung clia
hai duong thang dé.

Dinh nghia 1.1.15. Khoang cach giita hai dudng thing chéo nhau la
do dai doan vuong géc chung ciia hai duong thing do.

Dinh nghia 1.1.16. Hai miit phing goi la vuong goc v6i nhau néu goc
gitta hai mat phing d6 bang 90°.
1.2 HE TOA bO DESCARTES TRONG KHONG GIAN

Muc nay nhic lai mot s6 khai niém va két qua vé hé toa do Descartes

trong khong gian.
1.2.1. Gidi thiéu hé toa do Descartes trong khong gian

Dinh nghia 1.2.1. Hé gom ba truc x’Ox, y’Oy, z'Oz doi mot vuong
gbc tai O duge goi 1a hé truc toa do Descartes vudng goc trong khong gian.
Diém O dudc goi 1a gbc toa do, Ox duge goi 1a truc hoanh, Oy dude goi
la truc tung va Oz dugc goi 1a truc cao.

Dinh 1y 1.2.1. mng khowlan Oxyz, mbi diém M hoan toan dugc
xac dinh béi vecto OM. Néu OM = (x;y;2) thi bo (x; y; z) cling 1a toa
do ciia diém M, ky hieu M(x; y; z).

R Dinh nghla 1.2.2 (Tich v hudng cta hai Vectd) Cho hai vects @ va
b khac vectd 0 Tich v6 huéng cta hai vecto a va b 13 mot s thuc, ki
hieu la @ b va duge xac dinh bdi cong thic sau:

2.8 = ||| cos (7,?)

Néeud =0 hodc T = ﬁ, ta quy uéc 2.5 =0.



Dinh nghia 1.2.3 (Tich ¢6 huéng cta hai vects). Tich ¢6 hudng ctia
hai vecto @ va U, ki hieu [7, 7] hay @ A ¥, 1a vecto & xéc dinh béi

1. & o phuong vuéng goc véi ca A,

2. Bo ba (7, o Z?) 14 bo ba thuan,

3. || =|d|.| V| sing, trong d6 ¢ 1a goc gitta hai vecto U va .
Dinh ly 1.2.2. Néu ABCD I3 hinh binh hanh c6 dién tich S thi

5= ‘ [/@;EH va do d6 Saapp = %Hﬁ/ﬁ”

Dinh 1y 1.2.3. Néu ABCD.A’B’C’D’ 1a hinh hop c6 thé tich V thi
V= Hﬁ,ﬁ} H va do do6 VABDA’ == é ‘ [E,E} ﬁ .

Dinh 1y 1.2.4. Trong khong gian Oxyz cho hai vecto @ = (u1; ug; us)
va o = (v1;v2;v3). Khi do:

[7; 7] = (Uzvg — U3V2; U3V — UIV3; UIV2 — U2U1)
1.2.2. Phuong trinh mat phang

Dinh nghia 1.2.4. Vecto 7 # 0 dugc goi 1a vecto phap tuyén (VTPT)
clia mit phéng (P) néu gia ctia 77 vuong goc véi (P).
RG rang néu 77 1a VTPT ciia mit phéng (P) thi k.7, (k #0) cing la mot
VTPT cia (P).

Dinh nghia 1.2.5. Phuong trinh ¢6 dang Az + By + Cz + D = 0,
trong dé A, B, C khong dong thsi bang 0, duge goi l1a phuong trinh tdng
quat cua mat phang

Dinh 1y 1.2.5. Trong khong gian Oxyz cho hai mit phang:
( 1): A1x+Bly+Clz+D1 =0va (ag) : Asx+ Boy+Caz+ Dy =0
Goi 11 = (Al,Bl,Cl) o = (Ag; B2;C2) 1an lugt 1a vecto phap tuyén
ctia (a1) va (ag). Khi dé:

ﬁ
1. (a1)//(0s) & { gf;zfz?)” ke R*

T =k )
2. (0[1) (OQ){:}{D:ICD keR
3. (1) L (ag) & 1. 79 =04 A1 Ay + BiBy + C1C = 0.
4. Géc ¢ gitta hai mat phing (a;) va (az) duge tinh theo cong thitc

|7 1.7 4]

cosp =
|7 1[.[702]



Dinh 1y 1.2.6. Khoang cach tit diém M (zo; yo; z0) dén mat phang (P)
Ax + By + Cz+ D = 0 dugc tinh theo cong thiic

o |AQZO + Byo + CZO + D|
A /AQ + BQ + 02
1.2.3. Phuong trinh dudng thing trong khong gian

d(M, (P))

Dinh nghia 1.2.6. Phuong trinh tham s6 ctia dudng thing A di qua
diém My (wo;90; 20) va c6 vectd chi phuong qd = (a1;a9;a3) 1a phuong
T =x9+ ait
trinh c¢6 dang { y=19yYo+ast ,teR.
z = zy+ ast

Dinh 1y 1.2.7. Trong khong gian cho diém M va dudng thing A di
qua diém N, v6i vecto chi phuong . Khoéang cach tit M dén duong thing
A duge ky hieu 1a d(M, A) va duge tinh theo cong thie:

[#: 53]
]

Dinh 1y 1.2.8. Trong khong gian, gia sit duong thing A; di qua diém
A va 6 VICP W 1; dudng thing Ay di qua diém B va c6 VICP . Khi
do, khoang cach gitta hai duong thang chéo nhau A; va Ay duge tinh theo

cong thic
‘[71,72]A§
A1 82) = T

3

d(M,A) =

Dinh ly 1.2.9. Goéc giita hai dudng thing di va do, ki hicu (dy;dz),
xac dinh bdi:

1. Néu d; cing phuong véi do thi (dy,da) = 0°.

2. Néu d; khong ciing phuong véi dy thi (d/l,jg) duge tinh theo cong

thiic
cos(r ) = -2l
||| 2]
Dinh 1y 1.2.10. Géc giita dudng thang d va mat phang (P), ki hieu 1a
(d; (P)), xac dinh béi:
1. Néu d L (P) thi (d; (P)) = 90°

2. Néu d khong vu6ng_>gc’)c v6i (P) thi (cf(?)) dugc tinh theo cong thie:

T || PR . =

sin(d; (P)) = , trong d6 @ la vecto chi phuong cta d; 7 1a
.7

vects phap tuyén ctia mit phang (P).



1.2.4. Phuong trinh mat cau

Dinh nghia 1.2.7. Mt ciu tam I(a;b; ¢) ban kinh R ¢6 phuong trinh
chinh tic 1a: (z —a)? + (y — b)? + (2 — ¢)? = R?

Dinh nghia 1.2.8. Phuong trinh 22 +y2 + 22 — 2ax — 2by — 2cz+d = 0,
v6i a? 4+ b + ¢ — d > 0 dudc goi 1a phuong trinh téng quét ciia mit cau,
mit cAu nay c¢6 tam I(a;b;c) va c6 ban kinh R = v/a2? + b2 + ¢2 — d.

CHUGONG 2
PHUONG PHAP VECTO

Chuong nay trinh bay viéc stt dung phuong phap vecto dé chiing minh
mot sd bai toan hinh hoc khong gian.

2.1 QUY TRINH GIAI MOT BAI TOAN HINH HOC KHONG
GIAN BANG PHUONG PHAP VECTO

Buéc 1. Tim trong cac dit liéu ctia bai toan mot bo 3 vecto ?, 7, z
goi 13 hé vecto gbc, théa man cac diéu kién.

e Khong dong phing.
e Biét it nhat hai do dai hodc hai géc.

~ Budc 2. Biéu thi céc vecto c6 trong gia thiét va két luan theo hé vecto
goc.
Budéc 3. Stt dung céac két qua vé vecto dé chitng minh cac két luan ciia
bai toan.
2.2 BAI TOAN CHUNG MINH HE THUC VECTO, CHUNG
MINH THANG HANG, CHUNG MINH DONG PHANG

Bai toan 2.2.1. Cho AABC, D la diém bat ky trong khong gian. Goi

G 1a trong tam cia AABC.
1. Chitng minh DA? + DB? + DC? = 3DG? + GA? + GB? + GC?.
2. Tim quy tich cac diém D sao cho DA% + DB? + DC? = k2 k la

hing s6.

GIAL

Bué6c 1. Chon hé vectd gbc CT>4; Cﬁ; Ge.

Buéc 2._>Bléu thi cac vecto DA; lﬁ; D? theo hé vecto goc.

Ta co: DA:CQ—FZ%;B?:C@—Fﬁ;Z%:C@—FD;é.

Buéc 3.

1. Vi G la trong tam ctia AABC nén ta cé Cﬁl + G@ + @ = ﬁ

Khi do, ta co: .

DA? 4 DB? 4+ DC? = DA? 4+ BD? + DC?



= (DG + GA)? + (DG + DB)? + (DG + DC))?
3ﬁ2+GA2+G_B>2+@2+2? G_/iJr@Jr(@

=3DG? + GA? + GB? + GC?.

Suy ra diéu phai chiing minh.
2. Tit DA% + DB? + DC? = k? va theo két qua chitng minh trén ta co:

1
3DG? + GA? + GB?> +GC? =k?> & DG? = g(k2 — GA? - GB? - GC?).
o Néu GA? + GB? + GC? > k? thi quy tich diém D la rong.
e Néu GA? + GB? + GC? = k? thi quy tich diém D chinh 13 diém G.
o Néu GA% + GB? + GC? < k? thi quy tich diém D la mit cau tam G
1
ban kinh \/ S0k = GA? - GB2 - GC?),

Bai toan 2.2.2. Cho ti dién ABCD Goi P, Q lan lugt 1a trung diém

AB. CD va M € BC: N € AD sao cho BM — 23 C. AN — 2ND. Chitng
mlnh bén diém M, N P, Q dong phing.

GIAL

Dit AB = 7: AC — §: AD = 7.
2PQ = PC + PD = —fC’A+C@—§DA+?):—7+7+7.

Tit BM = 2MC ta om_@gzﬁ:_GmQ.
Tﬂmz—QTtacéﬁ—@:—l?Jrg?.

SuyraPM—&—l?’Nt 7—&-74—7 @

Dang thic nay chu’ng t6 ba vecto f@ PM, ﬁ dong phéng. Suy ra, bén
diém M, N, P, Q dong phéng.

Bai toan 2.2.3. Cho hinh hf)p ABCDAlBlchl GOI G17G2 lﬁn
lugt 1a trong tam clia cac tam gidc Ay BD vh CB;D;. Ching minh ring
A Gl, GQ, Cl thffmg hang va AG1 = G1G2 = GzCl.

GIAL

Pat AB = 75 AD = ; AA =
Ta c6: AC’l AA, —I—ﬁ—i—ﬁ 7—&-74—?

Vi G, la trong tam cua AAlBD nén:

AG, = E+X5+AA1 7+7+? —AOl

Déng thu’c nay ching to AGl va ACl cling hu’dng, nén A,Gq,C; thing
1
hang va AG; = gACL

1 1 1
Tuong tw: C1Gs = 5 (CiC+CiDi+C1Bl) = (T + 7 +7) = ng_cI.



2 — —_— 2
Ding thitc nay ching t6 C1G2 va ACT nguge hudng, nén A, Gy, Cy thing
1
hz‘mg va Cng = gAOl

5 1
Vay A, Gl, Gg, Cl théng h?ang va AGl = G1G2 = GQCl = gACI

2.3 BAI TOAN CHUNG MINH SONG SONG, VUONG GOC

Bai toan 2.3.1. Cho hinh lap phuong ABCD.A’B’C’D’, M va N lan
lugt 1a trung diém ctia AB va DD’. Chitng minh ring M N 1 A'C.

GIAL
Buéc 1. Goi canh cua hinh 1ap phuong la a.

—

Datﬁ_m,ﬁ T AA =
T =07 =0 ﬁ?:o.
Budc 2. Dya vao hinh vé ta co:

MN = MA + AD + DN = _7m+ + ?
AC = XA+ AD + DC = m ~ 7.

— 1
BuGe 3. Khi do: MN.A'C = (_;m + 7+ 2?) (M4 -7)

=a;[7| = a;|P| =ava

1 1
:_§m2+ ?2 fa + a2 —2a2=0.

Suy ra MN L A'C, ta c6 dic¢u phai ching minh.

Bai toan 2.3.2. Cho hinh hop ABCD.A'B’C’D’. Goi M va N 1an lugt
la cdc diem chia A’C va C’'D theo céac t1s6 k val (k # 151 # 1). Xac dinh
k, 1 dé dudng thang MN//BD’.

GIAL
Buéc 1. Dat BA — m, BC = 7, BB = .
Budc 2. Vi M chia doan thing A C theo ti s6 k nén MA’ = k?’ ta suy

—— BA - k:B(é 1

BM="_""""H BM = _
ra lik ay 17k ?
Tuong ty, ta co: Bz@ ﬁm + ﬁ? +7

Tit d6: MN = BN — BM

—1 1 N 1 1
- (1z 1k>m+( k:) " +(1z N 1k>?
—
Mit khac, BD' =m + 7 + J.
Buéc 3. Do BD’ va C’D 1a hai dudng théng chéo nhau va N thudc duong

thang C’D nén duong thing MN khong thé tring v6i duong thang BD’.
Ta suy ra dudng thing MN//BD’ < MN = x.BD',Vx € R.
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Mat khac 71, 70, ? 1 3 vecto khong dong phang nén ta cé:

U S

Lo 1Ik_ ,lf:*fo,

- - = -

Il gk v L1
4

1 —_— =

+1—k T

Vay khi k = -3 vi 1 = -1 thi dudng thing MN song song véi BD’.

2.4 BAI TOAN VE GOC VA KHOANG CACH
Bai toan 2.4.1. Cho hinh lang tru ding tam giac déu ABC.A;B,C,.

AB
7

Tim goc giita hai dudng thing AB; va BC) biét AA; =

GIAL
Buéc 1. Goi AB = a. Khi d6 ta ¢c6 AA; =

Dit AA, = 7, AB = 3 AC = 7, khi d6 | 7| = —=;[F| = |Z| =a

Ty =77 =0; 77_%

Budc 2. Ta 6 AB, — AA, + AB = 7
BO,=BC+BB, =AC - AB+BB, =7 -9 + 7.

2 6 2
BuGc 3. Khi d6: AB? = (7 +9)2 = 724+ Y2427 = %+a2 — %
suy ra AB1 = a 9

BC}=(Z -+ 22 =2+ >+ 2220 +27 7 - 2Y 7
2 6a> 6
:5+a2+a2—a2:5,suyraBClza\/;.

VaAB,.BC, = (R+ (T -T+2) = -2+ 7 +7.2

_a72_a2_a72__3a2
5 2 107
Ta co: cos (E W)*iABl'Bclf—l
LMY T ABL.BC, 4

— 1 1
(ABl,BC’l) = arccos (4> = (ABy; BCy) = 180° — arccos (4)
Bai toan 2.4.2. Cho hinh chép S.ABC c6 day la tam gidc déu canh 13
44/2, SC 1 (ABC), goi E va F lan lugt la trung diém ciia AB va CB, SC
= 2. Tinh khodng cach ngan nhat gitta SF va CE.



GIAL
Ta chon hé co sé CTzl = ?,C@ = 776@: Z.
Khido 7.7 = 9.7 =0,7. 9 =16 va |Z| = || = 4V2,| 7| = 2.

LéytﬁyydiémleSF,tacé:ﬁzaﬁza(i?—? .

) , 7
Lay tiy ¥ diém K € CE, ta c6: OK = BCE = 3 ;7

Dodéﬁfz—ﬁ—c?+c—f(=§?+5;O‘7+(a—1)?.
Xét]lKLSF@IT%.S_ﬁ:O
@(27_7>.<§7+52“7+<a_1>7>_o

& 38-3a=—1 (1)
Lai xét IK | CE < CE.IK =0 .
®<§7+6;a7+(a—1)?>. ;7:0©a:25 (2)
2
Tu (1) va (2) ta cé{ g5:7235a_71 & a7§
— 51

Do d6 ta c6 dugc K = %(7 — Y —27).
Suy ra: IK? = 31—6(?2 + YA 2T Y AT T +4Y D) = %

2
@IKzg.

£ ; 2 — 1
Vay v6i cach lay diém I va K thoa man ﬁ = gS_}% va CK = gﬁ
thi IK 1 dudng vudng géc chung ciia SF vi CE. Do d6 khoang cach ngin

) 2v/3
nhat gitta SF va CE la K = Tf

2.5 BAI TOAN VE DIEN TiCH VA THE TiCH

Bai toan 2.5.1. Cho hinh chép tam gidc déu S.ABC c¢6 SA=4. Diém
D nim trén canh SC, CD=3, con khoang cach tit A dén dudng thiang BD
bing 2. Tinh thé tich ciia khoi chép.
GIAL.
BuGe 1. Dit SA = 7; 5B = 7:5C = 7, khi d6 [7| = [7] = | 7| = 4
wzZy=772=97.
Budéc 2. Dit ¢ 1a goc phang ¢ dinh ctia hinh chop.
N la hinh chiéu vuong géc ctia diém A trén dudng thing BD. Khi dé

m:ﬁ—m:a.ﬁ—ﬁ:—7+a.?—i(a—1)?.
Trongdéﬁzﬁf@:7737\/31?4:5—)47@:?73?.
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Bugc 3. Theo dé AN L DB & AN.DE =0

(1)
Mt bbe AN = 2 = |,ﬁ7|2 —4
(a +

& 17a%>—2a+1 =0. (2)
< R 7 55 55
Két hop (1) va (2) ta dugc a = 9 Suyra (1) & 2.9 = 7 Seosp=o

Goi O 1a hinh chiéu ctia S lén (ABC), do S. A%C 1a%1mh chép déu nén O
SA
la trong tam ctia AABC, ta c6 SO = SA+SB+ S ?—F?—i—?

3
T+7+7\° ?2+72+?2+6?7 f
Suy ra SO = [ ( ———5—— 5 .
Laicéﬁ:ﬁ—ﬁ:?—?,suyraAB: (Y — )ng.
1 AB*V/3 _ = 3V174
VayV—g 1 SO = 16 (dvtt).
CHUONG 3

PHUONG PHAP TOA DO

Chuong nay trinh bay phuong phap toa do trong viéc gidi mot s6 16p
bai toan hinh hoc khong gian.

3.1 MOT SO DAU HIEU NHAN BIET BAI TOAN HINH
HOC KHONG GIAN GIAI DUGC BANG PHUONG PHAP
TOA DO

e Hinh da cho ¢6 mot dinh 1a dinh ctia mot tam dién vuong.

e Hinh chép ¢6 mdt canh bén vuong goc véi day va day la tam giac
vudng, tam giac déu,hinh vudng, hinh chit nhat,. ..

e Hinh Iap phuong, hinh hop chit nhat.

e Hinh da cho ¢6 mot duong thdng vuong géc v6i miat phing, trong
mat phang d6 c6 nhiing da gidc dac biét: Tam giac vudng, tam giac
déu, hinh thoi, ...

e Mot vai hinh chua cé sdn tam dién vudng nhung cé thé tao dugc

tam dién vuong ching han: Hai dudng thang chéo nhau ma vuong
goc, hodc hai miat phang vuong goc.
Ngoai ra, véi mot s6 bai toan ma gid thiét khong cho nhiing hinh
quen thudc nhu da néu & trén thi ta c6 thé dua vao tinh chéit song
song, vuong goéc cla cac doan thing hay duong thing trong hinh vé
dé thiét lap he truc toa do.
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3.2 QUY TRINH GIAI MOT BAI TOAN HINH HOC KHONG
GIAN BANG PHUGNG PHAP TOA bO

B11:(’ic 1. Chon mot hé truc @Qa do Descartes thich hgp va tim toa do
cac diem c6 lién quan dén yéu cau cia bai toan.

Buédc 2. Chuyén bai toan da cho vé bai toan hinh hoc giai tich va giai.

Buéc 3. Chuyén két luan ciia bai toan hinh hoc giai tich sang tinh
chat hinh hoc tuong tng.

3.3 BAI TOAN CHUNG MINH BA DIEM THANG HANG,
BA DUONG THANG DONG QUY

Bai toan 3.3.1. Cho tu dién SABC c6 SA, SB, SC do6i mot vuong goc
nhau, goi G la trong tam AABC, I 13 tam mat cau ngoai tiép ti dien.
Chiing minh ba diém S, G, I thing hang.

GIAL

Budc 1. bat SA=a,SB =b,5C = ¢, (a,b,c > 0).

Chon hé truc toa do Descartes Oxyz nhu hinh vé véi gbc toa do O trung
v6i S, ta c6: S(0;0;0), A(a;0;0), B(0;b;0),C(0;0;¢)

Budc 2. G la trong tam cia AABC nén G (a b C).

333
a b c
Suyra SG = (22, %)
uy ra (3,3,3)
Budc 3. Phuong trinh tdng quéit ctia mat cau (S) di qua gdc toa do co
dang 2% + 9% + 22 — 2max — 2ny — 2pz = 0.
Do (S) di qua A, B, C nén ta c6:
2 _9am =0 "
a® — 2am =
b b
—2n=0 < n= .SuyraI(a;;c>,dod(’)§:<a;;c>.
2 ep— 0 272’2 222
p:

. 2
Dé thay @ = 557, suy ra S@ va 57 cung phuong.
Vay ba diém S, I, G thing hang.

M\N\@M‘@

Bai toan 3.3.2. Trong mit phing (a) cho hinh vuéng ABCD. Trén
tia Az vuong goc véi (o) lay diém S. Dudng thang d; vuong géc véi mat
phing (SBC) tai S cit mit phang () tai M, dp vudéng goéc véi mat phing
(SCD) tai S cit mat phang () tai N. Chitng minh A, B, M thing hang
va A, D, N théng hang.

GIAL

Budc 1. Goi canh hinh vuong 1a a va SA = b (a, b > 0). Chon hé truc
toa do Descartes Oxyz nhut hinh vé vé6i gbc toa do O tring véi A.

Khi do, ta c6: A(0;0;0); B(0;a;0); D(a;0;0); C(a; a;0);.5(0;0;b).

Budc 2. Ta ¢6 S@ = (0;a; —b); @ = (a;a; —b); S? = (a;0; —b).
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Mit phéng («) c6 phuong trinh z = 0.
Goi nj 1a VTPT ciia (SBC).

%
Khi do: { ni L SB onl = [5@,,@] = (0; —ab; —a?).

7 L SC
Budc 3. Vid; L (SBC) nén d; nhan n = (0; —ab; —a?) 1lam mot VTCP.
z=0
Suy ra, phuong trinh d; ¢6 dang { y=—abt |VteR.
z=0b—a’t
z=0
co 1k ~ N . b1 y = —abt
Gia thiét M = d; N («), toa dd0 M la nghiém cia he b g2 o S8
z=0
b2
hé nay ta c6 M (0' ——;0].
. b2
Lai c6: AM ( ) 1@ (0;a;0). D& thay m = ——2/@, suy
a

ra AM va, /@ ngugce huong, nén ba diém A, B, M théng hang.
Hoan toan tuong tu nhu trén ta ciing dé dang ching minh duge A, D, N
théng hang.

3.4 BAI TOAN CHUNG MINH SONG SONG, VUONG GOC
Bai toan 3.4.1. Cho hinh hop ding ABCD.A'B’C’D’ ¢6 cac canh
AB = AD = a,AA’ = $ va goc BAD = 60°. Goi M va N lan lugt 1a

trung diém ctia A’D’ va A’B’. Chiing minh AC’ | (BDMN).

GIAL.
Buéc 1. Trong AABD ta ¢6 AB = AD = a vi BAD = 60°. Suy ra
AABD la tam gidc déu canh a.
Goi I 1a giao diem ctia AC va BD, I 1a giao diém ctia A’C’ va B’D’.
3a? a\/§

Trong AAIB ta c6 [A? = AB? — IB? = — > Suy ra IA = 5

Chon hé truc toa do Descartes Oxyz nhu hinh vé véi gbc toa do O tring
voi diém T,

20) . A _av3
2 2

w3 a3 o av3\ ., (av3 w3 a
A<—2;0;2>,B<0,2 5 ) C (OO) <—4,—4,O>,
3 a.

Buge 3. BM = (-m;_&‘;_c‘f) BN — <_‘“/§._“._“\/§>_

Buéc 2. Ta c6: 1(0;0;0), B’ (0; ;0;0> D (O; _g;o) 7

4 4 4 7 & 2
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Goi 7 la VTPT ciia (BDMN) khi do:

_>
R N e ]

7w 1B 8

—
Lai c6 AC' = (a\f 0; af) Duong théng AC’ nhan AC’ lam VTCP.

, —
D& théy hai vecto 7 va AC” cung phuong. Suy ra AC' L (BDMN).

Bai toan 3.4.2. Cho hinh vuéng ABCD canh a. Vé clng vé mot
phia (ABCD) céc doan thing AA’, CC’ vuong géc véi (ABCD) sao cho
AA' = CC’ = a. Chiing minh AC L (BC'D).
Chon hé truc toa do Descartes Oxyz nhu hinh vé véi gbc toa do O tring
véi diém A.
Iihid(’) ta c6: A(0;0;0), B(0;a;0),C(a;a;0), D(a;0;0), A(0;0; a),C'(a; a; a).
A'C = (a;a; —a), BC" = (a;0; ) ? = (a;—a;0)
Goi 77 1a VIPT ciia (BC'D) khi d6 ta co:

L B—Cz - _ ' BD 2.2, 2

S BC',BD| = (a*;a*; —a*®).
7 L BD { ( )
—

Ta thay 7 = a. A’C nen 7 va A'C cing phuong. Suy ra AC L (BC'D).

Bai toan 3.4.3. Cho hinh hop ding ABCD.A’B’C’D’. Hai diém M, N
AM  CN

lan lugt nam trén hai canh AD va CC’ sao cho D - NC

ring dudng thing M N//(ACB’).
GIAL
Goi AB = a,AD = b, AA’ = h. Chon hé truc toa do Descartes Oxyz
nhu hinh vé sao cho goc toa do O trimg véi diém A.
Khi dé: A(0;0;0), B(a;0;0),C(a;b;0), D(0;b;0), A’(0;0; h), B'(a; 0; a),
D'(0;b; h),C'(a; b; h)
M C

. Ching minh

Gia st VD NC,—x,(x>0).
Khi d6 AM = —~— AD va CN = Csuy ra M (0 —2— ;0 ;
14+ 14+ 14+
b; ——.h|.
(a T )
1 —
TacéME\?: a;——.b ﬁ (a;b;0)AB’ = (a;0; h).
1+ 1+

Goi 7 1a VIPT ciia (ACB’). Khi d6:

{ WLAC o i = [AC, AB'] = (bh: ~ah; —ab).

J_A’

Vi 7.MN = abh — 1aj)_hx - fcf}; =0, nen 7 MN va M ¢ (ACB').

Suy ra MN//(ACHB').
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3.5 BAI TOAN VE GOC VA KHOANG CACH

Bai toan 3.5.1. Cho hinh chép ti gidc déu S.ABCD c6 day 1a hinh
vuong canh a. Goi E 13 diém déi xing ciia D qua trung diém SA, M I
trung diém ciia AE, N 1a trung diém ctia BC. Chitng minh MN vuong goc
v6i BD va tinh khodng cach giita hai duong thang MN va AC.

GIAL
Budc 1. Goi O 1a giao diém ctia AC va BD. Chon hé truc Oxyz nhu hinh
vé sao cho C € Ozxz,D € Oy, S € OZ.

Budc 2. Ta c¢6: O(0;0;0); A ( a\f ; 0; O) B <0;a\2/§;0> ;

c(“\[ 0; 0) (o av?2 -0 0> S (0;0;h),h > 0.

Budc 3. Goi I 1a trung diém ciia SA. Ta cé:

(R P e e B R
4 2 2 2 2 4 2

NI
N<4 T )

2

m <3a\f ) 34[5 (O;a\/i; O).

D& thay MN.BD =0 < MN | BD.

AC = (av/2;0;0); MA = (0;—4 —

[mﬂﬁ]—( # > Suy ra | MN@ MA = (0;a2h;0).

4
[MN,ACL.MA| _ av3
[MN,AC) 4

Bai toan 3.5.2. Cho hinh chép tit gidc déu S.ABCD, cic mit bén tao
v6i day mot goc 3. Diém K 1a trung diém ctia SB. Hay tinh goc ¢ gitta hai
mit phang (AKC) va (SAB) theo 3.

GIAL

Goi H 1a giao diém ctia AC va BD. Khong mét tinh téng quét ta dat
canh hinh vuong 1a a vi SH = h (h > 0).
atanf

Vay d(MN, AC) =

Ta suy ra dugc h = . Chon hé truc toa do Descartes Oxyz nhu hinh

vé véi gbc toa do O trung véi diém H.
Ta c6: H(0;0;0), A(a;0;0), B(0;a;0),C(—a;0;0), D(0; —a; 0), S(0; 0; h),
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a h
K(0;22).
(05:5)

Khi d6 mat phang (SAB) c¢6 phuong trinh:

§+g+f:1<:>h:c+hy+atha:0
a a h

Suy ra g = (h; h; a) la mot VIPT ctia mat phang (SAB).
2
TacéAKz(— ) ﬁ —a;0;0) va | AKI@ (._ah_a)

Nén mat phing (AKC) ¢6 VIPT la i} = (0; h; —a).

Do dé |ni.n3| la? — h?|
o d6: cosp = = .
7T Wl T kR 1 ety £ )
Lo
¢ |1 — - tan? 3|
Véihz%,tacé: cosp = 4

1 1 '
\/Qtan2ﬁ+1.\/1+4tan2ﬂ

3.6 BAI TOAN VE DIEN TiCH VA THE TiCH

Bai toan 3.6.1. Cho hinh chép S.ABC c6 day 1a tam gidc déu canh a.
Hinh chiéu vuong géc ctia S trén (ABC) 1a diém H thuoc canh AB sao cho
HA = 2HB. Géc giita dudng thing SC va mit phiang (ABC) biang 60°.
Tinh thé tich ctia khéi chop S.ABC va tinh khodng céch giita hai dudng
thing SA va BC theo a.

GIAL
Buéc 1. Goi I 1a trung diém ctia AB, k¢ HD // CI, D € BC. Chon hé
truc toa do Decartes Oxyz sao cho gbc toa do tring véi diém H, B thudc

Ox, D thuoc Oy, S thuoc Oz. AABC déu canh a nén CI = a\2f
2a a a a\/g
Budc 2. Ta c6: H(0;0;0), A ——;0; B(=:0: _ 2. .
Cc aCO (07070)) < 370’O>7 (37070)7C< 67 2 70>7

S(0;0;2) véi z > 0.

Budc 3. 5C — <Z; ‘“fz) K = (0;0:1). Géc giita SC va (ABC)

%
s . 21a?
bang 60° nén ta cé: sin60° = |k@ k_>| = 3z 2=
SCILIK| Va2 4922 9

Suyraz—a\gr do do S(OO a\3ﬁ>

3’ 3
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vé[ﬂ,@]( aval ) @ < a a3 a\/ﬁ>.

2 : 3
Thé tich ctia khoi chop S.ABC la:
1 VT
Vo anc = L[4 5B.5C) - VT

B? ( a a\f ) ,@ (w50:0)
Suy ra [SA, BC] = <_a2\ﬁ;_a2\/ﬁ'_a2\/§>.

(dvtt).

2 6 3

A BC|.AB 49

Do d6 d(54, BC) = 15 7 |_avi2
1194, B’& 8

3.7 BAI TOAN VE QUY TiCH
Bai toan 3.7.1. Cho hai diém A, B vi mot s6 thyc duong k. Tim qu§

tich nhitng diém M trong khong gian sao cho MA = kM B.
GIAL
Buéc 1. Chon hé truc toa do Descartes Oxyz vé6i gbéc toa do O la trung
diém ctia AB, truc Ox tring véi OB.
Budc 2. Dat AB = 2a, (a > 0), do d6: A(—a;0;0), B(a;0;0).
Budc 3. (j_oi_)M(a:; y; z), khi do:

MA = (—a —x;—y; —2), MB = (a —x; —y; —2).
Theo gia thiét

MA=kMB < MA? = k*M B?

Suy ra (—a —x)? + 2 + 22 = k* ((a — 2)* + y* + 2?)

S (11— + (1 -k)y*+ (1 — k)22 + 2a(1 + k*)z = 0.
Néu k = 1 thi qiiy tich diém M la duong thing z = 0.
Néu k # 1 thi phuong trinh tucng duong véi:

2 4y’ + 2 +20‘(1 =0

o (o4 QLN oy o (ALHEDY
o 1-k2 )

5 N 1+ k2

Vay quy tich diem M la mét cau tam I a(l;k?)
a(l+ k%)
1— k2

; 0; 0) nam trén dudng

thing AB, ban kinh R =
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CHUONG 4
PHUONG PHAP DUNG QUAN HE SONG SONG,

QUAN HE VUONG GOC
Chuong nay trinh bay viéc van dung quan hé song song, quan hé vuong
géc dé giai mot s6 16p bai toan hinh hoc khong gian.

4.1 QUY TRINH GIAI BAI TOAN HINH HOC KHONG GIAN
SU DUNG QUAN HE SONG SONG, QUAN HE VUONG

GOC
Budc 1. Vé hinh va biéu dién cadc mbi quan hé (song song, vuong goc,
béng nhau, ...) lén hinh vé.

Buéc 2. Phan tich cac gia thiét v cac yéu cau ctia két luan.
Buéc 3. Van dung cach dinh nghia, dinh 1y, tinh chit dé ching minh
két luan.

4.2 BAI TOAN CHUNG MINH BA DIEM THANG HANG,

BA DUONG THANG DONG QUY

Bai toan 4.2.1. Cho bén diém A, B, C, D khong dong phéng. Goi I
la diém trén nita dudng thing BD nhung khong thudc doan BD. Trong
(ABD) vé dutng thang qua I v& cit hai doan AB, AD lan lugt tai K va L.
Trong (BCD) vé duong thing qua I cit hai doan CB, CD tuong ting tai
MvaN. Giast BNNDM =01;BLNDK = Oy; LM N KN = J. Chiing
minh ba diém A, J, O; thing hang.
GIAL
Buéc 1. Ta ¢6 hinh vé:

Buéc 2. Theo gia thiét ta co:

BNNDM = Oq,nén O € BN suy ra O € (ABN) (1)
vaLMNKN =J,nén J € KN suy ra J € (ABN) (2)
Buéc 3. Tu (1) va (2) suy ra Oy, A, J cung thudc (ABN) (3)

Tuong tu ta co:
01 € DM suy ra Oy € (ADM)
J e LM suyra J € (ADM)

,—\/—\
N
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T (4) va (5) suy ra A, Oy, J cung thuoc (ADM) (6)
Hai mat phéng (ADM) va (ABN) c6 chung diém A, nén chic chin (ABN)
va (ADM) phéi cit nhau theo giao tuyén la dudng thing A. Tit (3) va (6)
ta suy ra A, Oy, J thing hang.

Bai toan 4.2.2. Cho M, N, P 1a ba diém tity ¥ trén cac canh SA, SC,
BC ciia t1t dien SABC sao cho NP khong song song v6i SB. Q 1a giao diém
ctia (MNP) v6i canh AB. Ching minh QM, SB, PN dong quy.

GIAL

Trong (SAC), ta c6: MN NAC = 1.
Trong (ABC), ta ¢c6: IBNAB = Q. Suy ra Q = (MNP)N AB.
Trong (INP), ta c6: QM N PN = O.
Do ba diém B, S, O thuoc giao tuyén ctia hai mat phang (AQM) va (CPN)
nén B, S, O théng hang. Suy ra ba duong thang QM, SB, PN dong quy
tai O.

4.3 BAI TOAN CHUNG MINH SONG SONG, VUONG GOC

Bai toan 4.3.1. Cho hinh chép S.ABCD c¢6 day 1a hinh binh hanh.
Trén cac canh AB, SB, SC lay cac diém M, N, P théa méan diéu kien
AM = k.AB,SN = k.SB,SP = k.SC, (0 < k < 1). Tim giao diém Q ctia
CD va mat phang (MNP). Chitng minh MQ//AD va PQ//SD.

GIAL
Buéc 1. Ta c¢6 hinh vé:

P . AM SN SP
Budéc 2. Theo gia thiét ta co: 1B - 5B~ Sc suy ra {

MN//SA
NP//BC -
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Buéc 3. Khi do ta co:
M € (MNP) N (ABCD)
NP//BC
va Mx cat CD tai Q. Vay CDN (MNP) = Q.
Ta c6 MQ//BC,AD//BC. Suy ra MQ//AD.

Ap dung dinh 1y Ta-1ét, ta co:

DQ AM
MQ//AD, suyraSDJ\? Sf‘}DB ;
SPNP/égC SUY 12 o = g =
Do dé S0 = Do , suy ra PQ//SD.

Bai toan 4.3.2. Cho t1 dien ABCD. Chitng minh diéu kién dé tit dien
c6 canh dbi nhau vuong géc:

AB | CD < AC? — AD? = BC? — BD?

GIAL
Ta chitng minh diéu kién theo hai trudng hop.
Diéu kien (=): Gid st AB L CD = CD L (ABH). H la chan dudng cao
BH, suy ra CD 1 AH.
Ap dung he thic lugng trong tam gisc véi M 13 trung diém CD.

A02 - AD2 - 2C7DMH 2 2 2 2 2
Suy ra{ BC?— BD® — 9CD . H ,do d6 AC* — AD® = BC* — BD~.

Diéu kien («<): Gia st AC2—AD? = BC?—BD? (1)

Goi M la trung diém CD, AH;, BH, la chan dudng cao tuong tng, ta co:
AC? — AD? = 2CD.MH, (2)

{ BC? — BD?> = 2CD.MH, (3)

Tit (1), (2) va (3) ta c6: CD.MH, = CD.MH;

suyra MH, = MHy, < Hy = Hy (4)

Tit (4) tac6 CD L (ABH,) = (ABHy), ¢ hai mat phing (ABH, ); (ABH,)
déu chita AB, do d6 CD 1L AB.

Két luan: Dieu kién can va di dé hai canh d6i AB va CD cia tid dién
ABCD vuéng géc nhau la AC? — AD? = BC? — BD?.

4.4 BAI TOAN VE GOC VA KHOANG CACH

Bai toan 4.4.1. Trong mit phéng (P) cho hinh vuong ABCD canh a.
Doan théng SA c¢6 dinh vuong goc véi (P) tai A. M, N lan lugt 1a hai diém
di dong trén canh BC va CD. Dat M = u, DN = v. Chiing minh ring
4(u +v) + uv = a? la diéu kien can vh di dé hai mat phing (SAM) va
(SAN) tao véi nhau mot goc 45°.

GIAL
Ta c6 (SAM) N (SAN) = SA.

,suy ra (MNP)N(ABCD) = Mx,v6i Mz//BC



22

Do SA 1L (ABCD), suy ra AM 1 SA,AN 1 SA.

Suy ra MAN 1a géc tao bdi hai mat phang (SAM) va (SAN).
Dit DAN = o, MAB = 8.
Khidé]\m:45°®a+ﬂz45°?tag(aJrﬂ) =1.

tan o + tan 3

— T el 4 _1s = a2
1 —tana.tan 1w a(ut+v)+uv=a
)

Suy ra diéu phai chitng minh.

Bai toan 4.4.2. Cho hinh chép t@ giac S.ABCD c6 day ABCD 1a hinh
thang vuodng, trong doé ABC = BAD = 90°; BA = BC = a; AD = 2a.
Gié st SA = av/2 va vudng goc véi day (ABCD). Goi H 1a hinh chiéu ctia
A lén SB. Tinh khoang cach tit H dén (SCD).

GIAL
Dé thiy trong hinh thang ABCD, ta c6: AC = av/2. Do AB = a2,
suy ra AABC la tam giac vudng can tai C. Do dé ta ¢6 BC L AC.

Theo Dinh ly ba dudng vuong goc ta co: SC L CD.

Gid st CDNAB = E. Ta ¢6 B la trung diém cia AE.

Vi BC L (SAC), suy ra (SDC) L (SAC).

Do (SDC)N (SAC) = SC, nén néu ké AK L SC, suy ra AK L (SCD).

Suyrad(A4, (SCD)) = AK

Ta c6 ABN(SCD) = E, suy ra d(4, (SCD)) = 2.d(B,(SCD)) (do AB =

BE).

Ké AH 1L SB. Ta c6 trong tam giac vuong SAB: SA? = SH.SB, vi
SA2  2av3

SB=+vSA?2+ AB2=a 3,nénSH:S—Bf 3

(1)
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. _d(B,(SCD)) BS 3
Theo Dinh 1y Ta-1é L = — = -
co Dinh ly Ta-lét, ta co d(H,(5CD)) s~ 2

Suy ra: d(H, (SCD)) = %d(B, (SCD))

Tit (1), (2), (3) suy ra: d(H, (SCD)) = %d(A, (SCD)) = %AK

Do SA = AC = a/2,suyra AK = a
Tit (4) va (5) suy ra d(H, (SCD)) = %

4.5 BAI TOAN VE DIEN TiCH VA THE TiCH

Bai toan 4.5.1. Cho hinh chép t@ giac S.ABCD c6 day ABCD 1a hinh
thang, trong d6 ABC = BAD = 90°, BA = BC = a, AD = 2a. Gia sit SA
vuong goc véi day ABCD va SA = av/2. Goi H 1a hinh chiéu ctia A trén

SB. Tim thé tich t@ dien SHCD.

GIAL
Buéc 1. Ta c¢6 hinh vé:

Buéc 2. Trong hinh thang vuong ABCD dé théy BCD =135° va CD =

av/2.

Ké HK va BE cung vuong goc véi (SCD), suy ra HK//BE va S, K, E

théng hang.
HK SH
Budc 3. Theo Dinh i Tal 6: —— = ——
c3 eo Dinh Ii Talet, ta co BE B

Ta ¢6: SB = v/ SA2 + AB? = a/3.

Trong tam gidc vudng SAB, ta cé:

SA?  2V3a
SA? = SH.SBnén SH = —— = .
- SSBH BE3 2

Do dé6 tir (1) suy ra: HK = S.B = §BE.

Tudétacod Vg scp = gVB.SCD-

1 1
Lai co: VB.SCD = VS.BCD = §~SBCD~SA = 6.BC.CD.SiIl 1350.SA
a*v2

Vay Ve.scp = 6

(1).
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3

9

2 (dvtt).

KET LUAN

Luan van "Mot s6 phuong phap giai toan hinh hoc khong gian" da dat
dugc muc dich va nhiém vu dé ra, cu thé luan vin da thuyce hien dude cac
van dé sau:

1.

Tim hiéu va trinh bay phuong phép vecto, phuong phép toa do, quan
hé song song, quan hé vudng goc trong giai toan hinh hoc khong gian.

Heé théng va phan loai cac bai toan hinh hoc khéng gian gidi dudge
bang phuong phap vectd, phuong phap toa do, phuong phap dung
quan hé song song va quan hé vudng goc.

Dinh huéng viéc ting dung tiing phuong phap cho méi 16p bai toan
cu thé.

. Déi v6i méi phuong phap déu c6 nhitng bai toan minh hoa ré rang,

cung v6i nhitng bai toan tuong tu.

Hy vong ring noi dung ctia luan van con dugc tiép tuc hoan thien va
phét trien hon nita, nhdm c6 thée 1a mot tai lidu tham kho tét cho hoc
sinh, sinh vién va nhitng ai quan tam dén giii toan hinh hoc khong gian.





