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DAT VAN DE

Trong nhiing ndm 60 ctia thé ky trudc, mot s6 tac gia da phat hién ring
c6 thé dac trung mang c6 tinh chat phii nao dé bdi anh clia khong gian
métric qua cac anh xa thich hgp. Day la phuong phép hiéu qua dé phan
loai cac 16p khong gian cling nhu phan loai cac tinh chat pht trong khong
gian métric suy rong. Nam 1973, E. Michael va K. Nagami da dua ra bai
toan mé: Néu X la s-dnh thuong ctua khong gian métric, thi né cé la s-dnh
thuong phi-compdc cta khong gian métric hay khong? Bai toan nay da thu
hiat rat nhiéu nha toan hoc trén thé gidi quan tam nhung dén nay van chua
c6 101 giai. Qua d6, cdc nha toan hoc trén thé giéi da dua ra rat nhiéu két

qua lien quan dén:
(1) Dic trung anh ctia khong gian métric qua cac anh xa thich hgp;

(2) M6i quan hé gitta cac phu trong Ly thuyét khong gian métric suy

rong;
(3) Mdi quan hé gitta cdc anh xa ¢6 tinh chat pht;
(4) Su bao ton clia cac khong gian, cAc mang qua cic anh xa.

Nho dé, cac tac gid da thu duge rat nhicéu két qua veé tinh kha meétric
ctia khong gian topo. Hon nita, cic tidc gid ciing da dat ra rat nhiéu bai
toan md lien quan dén cac van dé nay. Dic biét, trong nhitng nam gan day
mang dém dugc theo diém va cac anh xa c6 tinh chat phi da duge nhiéu
nha nghién ctu t6pd dai cuong quan tam nhu: J. Nagata, G. Gruenhage,
Y. Tanaka, C. Liu, S. Lin, Y. Ge, X. Ge ..., cac tac gia da dua ra rat nhieu
két qua goép phan to 16n cho linh viyc topo dai cuong.



CHUONG 1

HE L.-PONOMAREV VA ANH CUA KHONG
GIAN METRIC KHA LI PIA PHUONG

Nam 1994, S. Lin da dua ra khai niém msss-anh xa (mssc-anh xa) deé
dic trung khong gian v6i mang o-dém duge dia phuong (tuong tng, o-httu
han dia phuong) thong qua msss-anh (tuong tng, mssc-anh) ctia khong gian
métric. Sau d6, nhiéu tac gia da thu duge mot s6 ddc trung msss-anh (tuong
tng, mssc-anh) ctia khong gian métric (hodc khong gian nira-métric).

Hon ntta, N. V. Velichko da chiing minh ring khong gian X 13 s-d4nh
gia-md cua khong gian métric kha li dia phuong khi va chi khi X 1a khong
gian kha li dia phuong va la s-anh gia-mé ctia khong gian métric.

Gan day, N. V. Dung da thu dugc mot s6 dic trung clia msss-anh (mssc-
anh) cta khong gian meétric khéa li dia phuong trong 16p Ti1-khong gian
chinh quy.

1.1 Mot sé cau hoi

1.1.1 Cau héi. Tim mot tinh chat ® sao cho khong gian X la s-dnh thuong
cta cta khong gian métric cé tinh chat ® khi va chi khi X la khong gian cé

tinh chat ® va X la s-dnh thuong cia khong gian métric.

1.1.2 Cau héi. Hay ddc trung msss-dnh thuong-day (gid-phi-ddy, phi-compdic)



ctua khong gian métric khd li dia phuong thong qua cdc mang o-dém dugc

dia phuong?

1.1.3 Cau héi. Tim mot tinh chdat & sao cho khong gian X la msss-dnh
(mssc-anh) ciia khong gian métric c¢é tinh chat ® khi va chi khi X la khong
gian c6 tinh chat ® va X la msss-dnh (tuong wng, mssc-dnh) cia khong gian

meétric.

Trong chuong nay, chiing t6i duwa ra khai niém hé L-Ponomarev (f, M, X, Pr)
ma noé 13 suy rong clia hé Ponomarev (f, M, X, P) va chiing minh mot s6 tinh
chat lien quan dén hé nay. Tt d6, chung toi thu duge dic trung méi cla
msss-anh (mssc-anh) thuong ctia khong gian métric kha i dia phuong, dua
ra cau tra 16i khang dinh cho cac Cau héi 1.1.2 va Cau hoi 1.1.3.

1.2 Mot s6 dinh nghia

1.2.1 Dinh nghia. Gi4 stt P 1a tap con ciia X va {z,} 1a day hoi tu dén «
trong X. Khi do,

(1) Day {z,} dugc goi la tu mot lic nao dé nam trong P (eventually in P),
néu ton tai m € N sao cho {z} | J{z, :n>m} C P.

(2) Day {z,} ducc goi la thuong ruyén gdp P (frequently in P), néu ton

tai day con {z, } clia {z,} tit mot lic nao d6 ndm trong P.

(3) P dugc goi la lan can day cia = (sequential neighborhood of x), néu
v6i moi day L hoi tu dén 2 trong X, L tit mot lic ndo dé nam trong

P.

(4) P dugc goi la md theo day (sequentially open), néu P 1a lan can day

cua z v6i moi x € P.

1.2.2 DPinh nghia. Gia st P 1a ho gom céc tap con nao do6 ctia X. Khi do,



(1) P dugc goi 1a ho dém dugc theo diém (point-countable), néu (P), la

dém dudc v6i moi z € X.

(2) P dugc goi 1a ho hitu han theo diém (point-finite), néu (P), la hitu

han v6i moi z € X.

(3) P dugc goi 1a ho dém duge dja phuong (locally countable), néu véi

moi z € X, ton tai lan can V clia « sao cho (P)y 1a dém duoc.

(4) P duge goi 1a ho hitu han dia phuong (locally finite), néu véi mdi

z € X, ton tai lan can V clia z sao cho (P)y 1a hitu han.

(5) P dugc goi 1a ho sao-dém dugc (star-countable), néu (P)p la dém

duge v6i moi P € P.

(6) P dugc goi 1a ho roi rac (discrete), néu véi mdi = € X, ton tai lan

can V cla x sao cho (P)y ¢6 nhiéu nhat mot phan ti.

(7) Ta néi X duge zdac dinh bdi P (X is determined by P), néu v6i moi
F C X, F la tap con déng (tuong tng, tap con ma) trong X khi va
chi khi Fn P la tap con déng (tuong ting, tap con md) trong P véi

moi P € P.

N z

1.2.3 Dinh nghia. Gia sit P la mot pha cua khong gian X va (P) la tinh

chat phti. Ta néi rang P 1a pht ¢6 tinh chit o-(P) (o-(P) property), néu né

c6 thé bicu dién duge dusi dang P = J{P, : n € N}, trong d6 mdi P, 1a phi

c6 tinh chat (P) va P, € P,1 v6i moi n € N.

1.2.4 Dinh nghia. Gi4 st P 1a ho gom cac tap con nao do6 cia X. Khi do,

(1) P dugce goi 1a mang tai « (network at z) trong X, néu x € P v6i moi

P e P va véi moi lan can U clia z, ton tai P € P sao cho z € P C U.

(2) P dugc goi 1a mang (network) clia X, néu (P), 1a mang tai = véi moi

r e X.



(3) P dugc goi 1a k-mang (k-network) ciia X, néu v6i moi tap con compac
K c U v6i U 1a mé trong X, ton tai ho con hitu han Q ¢ P sao cho
KclyaQcU.

(4) P dugc goi 1a cs*-mang (cs*-network) ciia X, néu v6i moi day L hoi
tu dén « € U v6i U 1a md trong X, ton tai P € P sao cho L thuong
xuyén gap P C U.

(5) P dugc goi 1a cs-mang (cs-network) ciia X, néu véi moi day L hoi tu
dén = € U v6i U 1a mé trong X, ton tai P € P sao cho L tit mot lac

nao dé nam trong P c U.

(6) P dugc goi la phu Lindelof (tuong tng, compact), néu moi phan ti

clia P 1a tap con Lindelof (tuong ting, compéc).

1.2.5 Dinh nghia. Cho khong gian X. Khi do,

(1) X dugc goi 1 k-khong gian (k-space), néu né duge xac dinh béi phi

gom tat ca cac tap con compac.

(2) X dugc goi 1a khong gian day (sequential), néu n6 duge xac dinh boi

phil gom tat ca cac tap con compac khi métric.

(3) X dugc goi la khong gian Fréchet-Urysohn, néu véi moi F ¢ X va

v6i moi = € c1(F), ton tai day {z,} trong F hoi tu dén z.

1.2.6 Dinh nghia. Gia sit P = J{P, : z € X} 1a mot phu ctia khong gian X

théa man cac tinh chat sau véi moi z € X.
(a) P, 1a mang tai z.

(b) Néu P, P, € P,, thi ton tai P € P, sao cho P C PN P,.

(1) P dugc goi 1a co 56 yéu ctia X, néu véi G ¢ X, G 1a tap hgp md trong

X khi va chi khi v6i moi z € G, ton tai P € P, sao cho P c G.



(2) P duge goi 1a sn-mang (tuong ting, so-mang) clia X, néu moi phan t
cia P, la lan can day cia z véi moi z € X (tuong tng, mé theo day

trong X).

1.2.7 Dinh nghia. Cho khong gian X. Khi do,

(1) X dugc goi 1a khong gian gf-dém dugc (gf-countable), néu né c6 co
sé yéu |J{P, : z € X} sao cho P, 1a dém dugc véi moi z € X.

(2) X dugc goi la khong gian snf-dém dugc (snf-countable), néu né c6

sn-mang |J{P, : z € X} sao cho P, 1a dém dugc v6i moi = € X.

(3) X dugc goi 1a khong gian gs-dém duogc (gs-countable), néu né cé co

sé yéu dém duoc.

(4) X dugc goi 1a khong gian sns-dém dugc (sns-countable), néu né co

sn-mang dém dudgc.

(5) X dugc goi 1a khong gian sos-dém dugc (sos-countable), néu néd co

so-mang dém dugc.

(6) X dugc goi la khong gian cosmic (cosmic space), néu né la khong

gian chinh quy c¢6 mang dém dugc.

(7) X dugc goi 1a Ro-khong gian (Ny-space), néu no la khong gian chinh

quy ¢6 es*-mang dém dugc.

(8) X dugc goi 1a H-Ro-khong gian (H-Ry-space), néu X la khong gian

v6i es*-mang dém dugc.

(9) X dugc goi 1a R-khong gian (R-space), néu no la khong gian chinh
quy c6 k-mang o-httu han dia phuong.

(10) X duge goi 1a khong gian sn-khd métric (sn-metrizable), néu né la

khong gian chinh quy ¢6 sn-mang o-hitu han dia phuong.



(11) X dugc goi 1a khong gian g-khd métric (g-metrizable), néu no 1a

khong gian chinh quy c6 co s§ yéu o-hitu han dia phuong.

1.2.8 Dinh nghia. Cho anh xa f: X — Y. Khi do,

(1) f dugc goi la s-anh za (s-map), néu f~'(y) 14 tap con kha li trong X

v6l moi y € Y.

(2) f dugc goi 1a dnh za compac (compact map), néu f~'(y) 1a tap con

compac trong X v6i moiy e Y.

(3) f ducc goi la w-dnh za (m-map), néu X la khong gian métric vdi
meétric d va v6i moi y € Y, d(f~(y), X — f~'(U))> 0 v6i moi lan can U

cua .

(4) f dugce goi la anh xa thuong (quotient), néu f~'(U) la tap con md
trong X, thi U la mé trong Y.

(5) f dugc goi la anh xa gid-md (pseudo-open), néu véi moi y € Y va vdi

moi lan can U cla f~1(y) trong X, y € Intf(U).

1.2.9 Dinh nghia. Cho anh xa f: X — Y. Khi d¢,

(1) f dugc goi 1a 4nh xa md-yéu (weak-open), néu trong Y ton tai cd sé
yéu U{B, :y € Y} vd v6i mdi y € Y, ton tai z € f~'(y) thoa man diéu

kien: V6i moi lan can U clia z, ton tai B € B, sao cho B C f(U).

(2) f duge goi 1a anh xa I-phi-day (1-sequence-covering), néu véi mdi
y €Y, ton tai z € f~'(y) sao cho mdi day hoi tu dén y trong Y 1a 4nh

ciia day nao d6 hoi tu dén = trong X.

(3) f dugc goi la anh xa 2-phi-day (2-sequence-covering), néu véi moi
yeY, z, € f(y) va {y,} 1a day hoi tu dén y trong Y, ton tai day

{z,} hoi tu dén =z, trong X sao cho z, € f~(y,).



(4) f dugc goi la anh xa phi-day (sequence-covering), néu mdi day hoi

tu trong Y la anh cta day nao dé hoi tu trong X.

(5) f dugc goi la anh xa gid-phi-day (pseudo-sequence-covering), néu

moi day hoi tu trong Y 1a anh clia tap compac ndo dé trong X.

(6) f dugc goi la anh xa phi-compdc (compact-covering), néu moi tap

con compac trong Y la anh cta tap con compac nao doé trong X.

(7) f dugce goi 1a anh xa phi-day con (subsequently-covering), néu mdi
day S hoi tu trong Y, ton tai tap con compiac K trong X sao cho

f(K) la day con cua S.

(8) f dugc goi 1a anh xa thuong-day (sequentially-quotient), néu véi moi
day hoi tu L trong Y, ton tai day hoi tu S trong X sao cho f(S) la

day con cua L.

1.2.10 Dinh nghia. Cho anh xa f: X — Y, trong d6 X la khong gian con
ctia khong gian tich Descartes [,y Xi clia day {X; :i € N} gom cac khong

gian métric. Khi do,

(1) f dugce goi 1a msss-dnh xa (msss-map), néu véi mdi y € Y, ton tai day
{Vi :i e N} gom cac lan can md cla y trong Y sao cho mdi p;f~'(V;)

la tap con kha li trong X;.

(2) f dugc goi 1a mssc-dnh za (mssc-map), néu véi mdi y € Y, ton tai
diay {V; : i € N} gom cac lan can md clia y trong Y sao cho mdi

cl(p:f~1(V;)) la tap compéc trong X;.

1.2.11 Pinh nghia. Gia sit P 14 ho gom cac tap con nao dé6 cia X. Khi do,

(1) P dugc goi 1a cs*-phil (cs*-cover) clia X, néu véi moi day L hoi tu

trong X, ton tai P € P sao cho L thudng xuyén gip P.



(2) P dugc goi 1 cs-phil (cs-cover) clia X, néu moi day L hoi tu trong

X, ton tai P € P sao cho L tit mot lic nao d6 nam trong P.

(3) P dugc goi 1a cfp-phil (cfp-cover) clia X, néu v6i moi tap con compac
K C X, ton tai ho hitu han {K; : 1 < i < n} gom cac tap con déng
cia K va ho con {P,:1<i<n}C P sao cho K; C P, v6i moi i <n va

K={K;:1<i<n}.

1.3 Két qua chinh

Cac két qué trong muc nay dugc trinh bay trong [1,4]. Hon nita, trong muc
nay, ching toi giéi han tinh chat (P) va «(P) nhu sau.

(1) (P) 1a hitu han dia phuong, dém dugc dia phuong.

(2) a(P) la mssc néu (P) 1a hitu han dia phuong, va a(P) 1a msss néu
(P) la dém duge dia phuong.

1.3.1 Dinh nghia. Gia st P = [J{P, : n € N} 1a mang Lindelof c¢6 tinh chat
o-(P) cua khong gian X. V6i moi n € N, ta dit

Pr={X}UP,={FPy:acA,}

va trén moi A, ta trang bi topo roi rac. Gid st rang véi moi = € X, ton tai
mang {P, :n € N} tai z, trong d6 «,, € A, v6i moi n € N. Khi doé,
M = {a = (an) € H A, : {P,,} la mang tai z, nao do6 trong € X}
neN

la khong gian métric va mdi diém =z, 1a duy nhét trong X véi moi a € M.
Dinh nghia f: M — X la anh xa dugc cho bdi f(a) = z,. Lic nay, ta noi
rang (f, M, X, P*) 1a mot he L-Ponomarev.
1.3.2 Nhan xét. (1) Gid stt P = J{P. : n» € N} 1a mang Lindel6f ctia X,

trong d6 mdi P, c6 tinh chat (P). Khi d6, P 1a mang Lindelof c6

tinh chat o-(P).
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(2) Néu (f, M, X,P*) 1a he L-Ponomarev, thi f 1a s-4nh xa.
1.3.3 B6 dé. Néu P la cs-mang cé tinh chat o-(P), thi P la cfp-mang.

1.3.4 B6 dé. Néu X c6 cs*-mang Lindelof c6 tinh chat o-(P), thi X c6 cs-
mang Lindelof cé tinh chat o-(P).

1.3.5 Bo dé. Gid st f: M — X la o(P)-dnh xa va M la khong gian métric
kha Ui dia phuong. Khi do,

(1) X ¢6 es*-mang Lindelof vdi tinh chat o-(P), néu f la dnh za thuong-

day.

(2) X c6 sn-mang Lindelof vdi tinh chat o-(P), néu f la dnh za 1-phi-
day.

(3) X ¢6 so-mang Lindeldf vdi tinh chat o-(P), néu f la dnh za 2-phi-
day.

1.3.6 Bo dé. Gid s P = |J{P, : n € N} la mang Lindelof cé tinh chit o-(P)
va (f, M, X, Pr) la hé L-Ponomarev. Khi do, cac khang dinh sau la ding.

(1) f la a(P)-dnh za.
(2) M la khong gian khd li dia phuong.
(3) f la dnh za phi-diy va phi-compdc, néu P la cs-mang.
(4) f la dnh za 1-phi-day va phi-compic, néu P la sn-mang.
(5) f la dnh za 2-phi-day va phi-compic, néu P la so-mang.
1.3.7 Dinh li. Déi vdi khong gian X, cdc khing dinh sau la tuong duong.
(1) X ¢6 es*-mang Lindelof vdi tinh chat o-(P);

(2) X ¢6 cfp-mang Lindelof vdi tinh chat o-(P);
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(3) X ¢6 cs-mang Lindelof vdi tinh chat o-(P);

(4) X la a(P)-anh phi-day va phi-compact cia khong gian métric khd li
dia phuong;

(5) X la a(P)-dnh thuong-day cia khong gian métric kha li dia phuong;

(6) X la a(P)-dnh thuong-day ciia khong gian métric, va cé so-phi gom

cic H-Ry-khong gian con.

1.3.8 Nhan xét. St dung Dinh 1 1.3.7, trong trudng hop (P) 1a tinh chat
dém dugc dia phuong, ta thu duge cau tra 1oi khang dinh cho Cau héi
1.1.2.

Theo Dinh Ii 1.3.7, ta ¢6 cac hé qua sau.

1.3.9 Hé qua. Cdc khdang dinh sau la tuong duong doi vdi khong gian X.

(1) X la k-khong gian vdi cs*-mang Lindelof c¢é tinh chat o-(P);
(2) X la k-khong gian vdi cfp-mang Lindelof c¢6 tinh chat o-(P);
(3) X la k-khong gian vdi cs-mang Lindelof cé tinh chat o-(P);

(4) X la a(P)-dnh thuong, phi-day va phi-compic clia khong gian métric
kha li dia phuong;

(5) X la a(P)-dnh thuong cia khong gian métric kha li dia phuong,

(6) X la H-Xy-khong gian dia phuong va la o(P)-danh thuong cia khong

gian meétric.

1.3.10 Nhan xét. Nho He qua 1.3.9, ta thu duge cau tra 16i khing dinh cho
Cau hoi 1.1.3.

1.3.11 Nhan xét. Gid si P la mang cé tinh chat o-(P) ctia khong gian chinh
quy X. Khi do,
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(1) Néu P la cs*-mang (cfp-mang; cs-mang), thi P la Lindelof khi va chi
khi moi phan ti cia P la khong gian con cosmic, khi va chi khi moi

phan ti cia P la Ro-khong gian con.

(2) Néu P la sn-mang, thi P la Lindelof khi va chi khi méi phan tii cia
P la khong gian con cosmic, khi va chi khi méi phan ti cia P la

khong gian con sns-dém dudc.

(3) Néu P la so-mang, thi P la Lindelof khi va chi khi méi phan tii clia
P la khong gian con cosmic, khi va chi khi moi phan ti cia P la

khong gian con sos-dém dugc.

Stt dung Dinh 1i 1.3.7 va Nhan xét 1.3.11, ching t6i nhan lai dugce cac
két qua ctia N. V. Dung trong truong hop X 1a khong gian chinh quy.

1.3.12 Hé qua. Cdc khang dinh sau la tuong duong doi vdi khong gian X.
(1) X ¢6 es-mang o-dém dugc dia phuong gom cdc No-khong gian con;

(2) X ¢6 cs-mang o-dém dugc dja phuong gom cdc khong gian con cos-

maic;

(3) X la msss-dnh phi-day cia khong gian métric kha li dia phuong.
1.3.13 Hé qua. Cdc khang dinh sau la twong duong doi vdi khong gian X .
(1) X ¢6 cs-mang o-hitu han dia phuong gom cdc Ry-khong gian con;

(2) X ¢6 cs-mang o-hitu han dia phuong gom cdc khong gian con cosmic;
(3) X la mssc-anh phi-day cia khong gian métric khd li dia phuong.
1.3.14 Dinh li. Cdc khang dinh sau la tuong duong doi vdi khong gian X.

(1) X ¢6 sn-mang Lindelof vdi tinh chat o-(P);

(2) X la a(P)-dnh 1-phi-day va phi-compdc cia khong gian métric kha
lv dia phuong;



13

(3) X la a(P)-anh 1-phi-day cta khong gian métric kha li dia phuong;

(4) X la o(P)-dnh 1-phi-ddy cia khong gian métric, va cé so-phi gom

cac H-Ry-khong gian con.
1.3.15 Hé qua. Cdc khang dinh sau la twong duong doi vdi khong gian X.
(1) X ¢6 co sé yéu Lindelof vdi tinh chat o-(P);

(2) X la a(P)-dnh md-yéu va phi-compac cia khong gian métric khd li

dia phuong;
(3) X la a(P)-dnh md-yéu ciia khong gian métric khd li dja phuong;

(4) X la H-Ry-khong gian dia phuong va la o(P)-dnh md-yéu cia khong

gian metric.

Nho Dinh 1f 1.3.14 va Nhan xét 1.3.11, chtang toi thu dudce cac két qua
cia N. V. Dung trong truong hop X la khong gian chinh quy.

1.3.16 Hé qua. Cdc khang dinh sau la tuong duong doi vdi khong gian chinh

quy X.

(1) X ¢6 sn-mang o-dém dugc dia phuong gom cdic khong gian con sns-

dém dugc;

(2) X ¢6 sn-mang o-dém dugc dja phuong gom cdc khong gian con cos-
maic;
(3) X la msss-dnh cia khong gian métric kha li dia phuong.
1.3.17 Hé qua. Cdc khang dinh sau la tuong duong doi vdi khong gian chinh

quy X.

(1) X c6 sn-mang o-hitu han dia phuong gom cac khong gian con sns-dém

duoc;
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(2) X ¢6 sn-mang o-hitu han dia phuong gom cdc khong gian con cosmic;
(3) X la mssc-anh 1-phi-day cia khong gian métric khd li dia phuong.

1.3.18 Nhan xét. Nhs Dinh 1i 1.3.14, ta c6 thé thém tién t6 “phi-compic”
sau tien t6 “l1-pht-day” trong He qua 1.3.16(3) va He qua 1.3.17(3).

1.3.19 Dinh li. Cdc khang dinh sau la tuong duong doi vdi khong gian X.
(1) X ¢6 so-mang Lindelof vdi tinh chat o-(P);

(2) X la a(P)-dnh 2-phi-day va phi-compdc cia khong gian métric khd
lv dia phuong;

(3) X la a(P)-dnh 2-phi-day cia khong gian métric kha li dia phuong;

(4) X la a(P)-dnh 2-phi-day ciia khong gian métric, va cé so-phi gom

cic H-Ry-khong gian con.

1.3.20 Hé qua. Cdc khing dinh sau la tuong duong doi vdi khong gian X.

(1) X ¢6 co sé Lindelof vdi tinh chat o-(P);

(2) X la a(P)-dnh md va phi-compdc ciua khong gian métric khd li dia

phuong;
(3) X la a(P)-anh md cia khong gian métric khd li dia phuong;
(4) X la H-Xy-khong gian dia phuong va la o P)-dnh md cia khong gian
metric.
Nho Dinh 1i 1.3.19 v Nhan xét 1.3.11, chung toi thu duge cac két qua
cua N. V. Dung trong truong hgp X la khong gian chinh quy.
1.3.21 Hé qua. Cdc khing dinh sau la tuong duong doi vdi khong gian X.

(1) X ¢6 so-mang o-dém duoc dia phuong gom cdc khong gian con sos-

dém duoc;
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(2) X ¢6 so-mang o-dém dugc dia phuong gom cac khong gian con cos-
maic;
(3) X la msss-dnh 2-phi-day cia khong gian métric kha li dia phuong.

1.3.22 Hé qua. Cdc khang dinh sau la tuong duong doi vdi khong gian chinh

quy X.

(1) X c6 so-mang o-hitu han dia phuong gom cac khong gian con sos-dém

duoc;
(2) X ¢6 so-mang o-hiu han dia phuong gom cac khong gian con cosmic;
(3) X la msss-dnh 2-phi-day cia khong gian métric kha li dia phuong.

1.3.23 Nhan xét. Theo Dinh 11 1.3.19, ta c¢6 thé thém tién t6 “phii-compic”
sau tien t6 “2-phti-day” trong He qua 1.3.21(3) va He qua 1.3.22(3).

1.4 Mot s6 vi du

1.4.1 Vi du. s-anh thuong ctia khong gian métric kha li dia phuong khong
la khong gian kha li dia phuong (xem Vi du 9.8 trong [G. Gruenhage, E.
Michael, Y. Tanaka, Spaces determined by point-countable covers, Pacific
J. Math., 113 (1984), 303-332] ho#dc Vi du 2.9.27 trong [S. Lin, General-
ized Metric Spaces and Mappings, Chinese Science Press, Beijing, 1995]).
Do vay, Cau héi 1.1.1 14 khong dung trong truong hgp tinh chat & 1a R,-
khong gian (ho#c kha li dia phuong).

1.4.2 Vi du. Ton tai khong gian X v6i k-mang compac o-hitu han dia phuong
(do d6, theo Dinh 1i 1.3.7 ta suy ra X ¢6 cs-mang Lindeléf o-httu han
dia phuong), nhung X khong la khong gian Lindel6f dia phuong (do do,
X khong c¢6 mang dém duge dia phuong) (xem Vi du 4.1(2) trong [Y.
Ykeda, Y. Tanaka, Space having star-countable k-networks, Topology Proc.,
18 (1993), 107-132]). Nhu vay,
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(1) Khong gian X ¢6 cs-mang Lindelof véi tinh chat o-(P) # X ¢6 cs-

mang dém dugce dia phuong.
(2) Trong Dinh Ii 1.3.7(6), X khong the 13 Ry-khong gian dia phuong.

1.4.3 Vi du. S, la khong gian Fréchet-Urysohn va Ry-khong gian, nhung né
khong 1a khong gian théa méan tién dé dém dugc thi nhat. Do d6, né co
cs-mang Lindelof o-hitu han dia phuong. Mat khéac, vi S, khong 1a khong
gian thda man tién dé dém dugc thit nhat nén né khong ¢6 sn-mang (hodc

co sG yeu) o-dém duge dia phuong. Nhu vay,

(1) Khong gian X ¢6 es-mang Lindelof o-htu han dia phuong (do dé,
o-dém dugc dia phuong) # X ¢6 sn-mang Lindelof o-httu han dia

phuong (ho#c o-dém duge dia phuong).

(2) k-khong gian X véi es-mang Lindelof o-httu han dia phuong (do dé,
o-dém duge dia phuong) % X ¢6 co sG yéu Lindelof o-hitu han dia

phuong (ho#ic o-dém duge dia phuong).

1.4.4 Vi du. Ton tai khong gian gs-dém dude X, nhung né khong 1a khong
gian Fréchet-Urysohn (xem, Vi du 2.1 trong [F. Siwiec, On defining a space
by a weak base, Pacific J. Math., 52 (1) (1974), 233-245]). Do d6, X ¢6 co
sd yéu Lindelof o-httu han dia phuong. Béi vi X 1a khong gian day, khong
la khong gian Fréchet-Urysohn nén X khong c6 so-mang (ho#ic co sé yéu)
o-dém dugc dia phuong. Nhu vay,

(1) Khong gian X c¢6 sn-mang Lindel6f o-hitu han dia phuong (do dé,
o-dém dugc dia phuong) # X c6 so-mang o-httu han dia phuong
(ho#c o-dém duge dia phuong).

(2) Khong gian X ¢6 co sG yéu Lindelof o-hitu han dia phuong (do do,
o-dém duge dia phuong) # X ¢6 co 86 o-hitu han dia phuong (hodc

o-dém dugc dia phuong).
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1.4.5 Vi du. Ton tai khong gian X c6 sn-mang dém dugce dia phuong nhung
X khong la R-khong gian (xem Vi du 2.19 trong [X. Ge, Spaces with a locally
countable sn-network, Lobachevskii J. Math., 26 (2007), 33-49]). Do d6, X

c6 sn-mang Lindelof o-dém duge dia phuong. Béi thé,

(1) Khong gian X c6 sn-mang dém dugdc dia phuong = X c6 cs-mang

Lindelof o-httu han dia phuong.

(2) Khong gian X ¢6 sn-mang Lindelof o-dém duge dia phuong - X ¢6

sn-mang (hodc es-mang) Lindeldf o-hitu han dia phuong.

(3) Khong gian X ¢6 es-mang Lindelof o-dém duge dia phuong # X ¢6

cs-mang Lindelof o-htu han dia phuong.

1.4.6 Vi du. St dung Vi du 3.1 trong [Y. Ge, J. S. Gu, On 7w-images of
separable metric spaces, Math. Sci., 10 (2004), 65-71] ta thay rang X la
khong gian Hausdorff, khong chinh quy va c¢6 co s6 dém dude, nhung né
khong 1a m-anh thuong-day ctia khong gian métric. Do d6, X khong la R,-
khong gian. Nho Dinh 1i 1.3.19, X 1 mssc-anh 2-phi-day (va mé) cua khong

gian métric kha li dia phuong.
(1) Ton tai H-Ry-khong gian, nhung n6 khong 1a R-khong gian.

(2) Khong gian X ¢6 es-mang (ho#ic sn-mang, hodic so-mang) Lindelof
o-htu han dia phuong # X la 7, mssc-anh (hoac msss-anh) thuong-

day cta khong gian métric.
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CHUGNG 2

ANH COMPAC CUA KHONG GIAN METRIC
KHA LI DIA PHUGNG

Trong chuong nay, ching toi chting minh rang khong gian X c6 sn-mang
Lindelof o-httu han dia phuong (o-dém dugc dia phuong) khi va chi khi
X 1a mssc-anh (tuong tng, msss-anh) compéac phii-compéc clia khong gian
métric kha 1i dia phuong, khi va chi khi X 1a 7, mssc-anh (tuong Gng, msss-
anh) thuong-day ctia khong gian métric kha li dia phuong, trong do6 tién
t6 “phii-compac” (hodic “thuong-day”) khong thé duge thay thé béi tién td
“phu-day”. T d6, chung toi thu duge dac trung mdéi ciia khong gian véi co
sd yéu dém ducgce dia phuong.

Cac két qué trong chuong nay dudc trinh bay trong [2,3]. Hon nita, cac
khong gian trong chuong nay duge gia thiét thém rang ching la cic khong
gian chinh quy.
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2.1 Anh compiac thuong-day ctia khéng gian métric

kha li dia phuong

2.1.1 Bo dé. Gid st f: M — X la mssc-dnh xa, va M la khong gian métric

kha Ui dia phuong. Khi do, X co cs-mang Lindelof o-hitu han dia phuong.

2.1.2 Dinh nghia. Gia st {P;} 1& ddy gom cac phll nao d6 ciia khong gian
X. Ta néi rang {P;} 1a mang sao-diém, néu {st(z,P;) : i € N} la mang clia z

vl moi z € X.

2.1.3 Dinh li. Déi vdi khong gian X, cic khang dinh sau la tuong duong.

(1) X la khong gian sn-khd métric va X c6 so-phii gom cdc No-khong gian

con;
(2) X ¢6 sn-mang Lindeldf o-hidu han dia phuong;

(3) X la mssc-dnh compdc phi-compdac clia khong gian métric khd li dia

phuong;

(4) X la mssc-anh compdc gid-phi-day clia khong gian métric khd li dia

phuong;

(5) X la mssc-dnh compdc phi-day con clia khong gian métric khd li dia

phuong;
(6) X lar, mssc-dnh thuong-day cia khong gian métric khd li dia phuong.
Theo Dinh i 2.1.3, ta c6
2.1.4 He qui. Doi vdi khong gian X, cic khang dinh sau la tuong duong.

(1) X ¢6 co sé yéu dém dugc dia phuong;



20

(2) X la No-khong gian dia phuong va la khong gian g-khd métric;
(3) X ¢6 co s6 yéu Lindelof o-hitu han dia phuong;

(4) X la mssc-dnh compdc thuong, phi-compdc cia khong gian métric

kha li dia phuong;

(5) X la mssc-dnh compic thuong, gid-phi-day cia khong gian métric

kha li dia phuong;

(6) X la mssc-dnh compdc thuong, phi-day con cia khong gian métric

kha li dia phuong;
(7) X la © va mssc-anh thuong cia khong gian métric kha li dia phuong.
Chiing minh tuong tu Dinh 1i 2.1.3 ta thu dugc dinh i sau.
2.1.5 Dinh li. Doi vdi khong gian X, cdc khang dinh sau la tuong duong.

(1) X la khong gian c6 sn-mang o-dém dugc dia phuong va cé so-phi

gom cdc Ro-khong gian con;
(2) X ¢6 sn-mang Lindelof o-dém dugc dia phuong;

(3) X la msss-dnh compdc phi-compic cia khong gian métric khd li dia

phuong;

(4) X la msss-dnh compdc gid-phi-day ciia khong gian métric khd li dia

phuong;

(5) X la msss-anh compdac phi-day con ciia khong gian métric khd li dia

phuong;
(6) X lar, msss-dnh thuong-day cia khong gian métric kha li dia phuong.
Nho Dinh 1i 2.1.5, ta c6

2.1.6 He qui. Doi vdi khong gian X, cic khang dinh sau la tuong duong.
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(1) X la No-khong gian dia phuong va cé co sd yéu o-dém duge dia
phuong;

(2) X ¢6 co s6 yéu Lindelof o-dém duge dia phuong;

(3) X la msss-dnh compdc thuong, phi-compac cia khong gian métric

kha Ui dia phuong;

(4) X la msss-dnh compac thuong, gid-phi-day cia khong gian métric

kha li dia phuong;

(5) X la msss-dnh compdc thuong, phi-day con cia khong gian métric

kha li dia phuong;

(6) X la m va msss-anh thuong cia khong gian métric kha li dia phuong.

2.2 Moét s6 vi du

2.2.1 Vi du. Gia st C, la day hoi tu chita diém giéi han p, clia né véi moi
n €N, trong dé C,, N C,, = 0 néu m # n. Gid sit Q = {¢, : n € N} 13 tap tat ca
cac so hitu ty trong R. Dat

M= (p{C,:neN}) @R

va gid st X 1a khong gian thuong thu duge tit M bang cach dong nhat mdi
p, trong C, véi ¢, trong R. Khi d6, theo chiitng minh ctia Vi du 3.1 trong
[Y. Ge, S. Lin, g-metrizable spaces and the images of semi-metric spaces,
Czech. Math. J., 57 (132) (2007), 1141-1149], X ¢6 cd sG yéu dém dugc va
X khong la m-anh thuong phtu-day ctia khong gian métric. Do do,

(1) Khong gian X vdi sn-mang Lindelof o-hitu han dia phuong (o-dém
duge dia phuong) # X la 7, mssc-anh (tuong ting, msss-anh) phiu-

day cua khong gian métric kha li dia phuong.
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(2) Khong gian X v6i co s6 yéu Lindelof o-hitu han dia phuong (o-dém
duge dia phuong) # X la 7, mssc-anh (tuong ting, msss-anh) thuong

phu-day ctia khong gian métric kha li dia phuong.

2.2.2 Vi du. St dung Vi du 3.1 trong [Y. Ge, J. S. Gu, On 7w-images of
separable metric spaces, Math. Sci., 10 (2004), 65-71], ta thay rang X la
khong gian Hausdorff, khong chinh quy va X ¢6 co s6 dém dugc, nhung né
khong 1a 7-anh thuong-day ctia khong gian métric. Diéu nay ching té rang
tinh chat chinh quy ctia X khong thé bé dude trong Dinh 1i 2.1.3, Hé qua
2.1.4 Dinh Ii 2.1.5 va Hé qua 2.1.6.

2.2.3 Vi du. S, la khong gian Fréchet-Urysohn va Ry-khong gian, nhung
n6 khong 1a khong gian théa méan tien dé dém duge thit nhat. Do do, S,
c6 cs-mang Lindeldf o-httu han dia phuong. Nho Dinh 1f 2.1 trong [N. V.
Dung, On sequence-covering mssc-images of locally separable metric spaces,
Publications de L’institut Mathématique, Nouvelle série, 87 (101) (2010),
143-153] ta suy ra X la mssc-anh ctia khong gian meétric kha li dia phuong.
Hon nita, vi S, khong 13 khong gian théa man tien dé dém dugc thi nhat

nén no6 khong c6 sn-mang dém duge theo diém. Béi vay,

(1) Khong gian X v6i cs-mang Lindel6f o-httu han dia phuong (o-
dém dugc dia phuong) = X 1a «, mssc-anh (tuong tng, msss-anh)

thuong-day cia khong gian métric kha li dia phuong.

(2) X 1& mssc-dnh (msss-anh) thuong phi-day cia khong gian métric
kha li dia phuong = X c¢6 sn-mang Lindelof o-hitu han dia phuong

(tuong ting, o-dém dugc dia phuong).

2.2.4 Vidu. Stt dung Vi du 2.7 trong [Z. Li, On w-s-images of metric spaces,
Int. J. Math. Sci., 7 (2005), 1101-1107], ta thay rang X la &nh compic
thuong, phil-compéc ctia khong gian métric compac dia phuong, nhung né

khong c6 cs-mang dém dudce theo diéem. Do d6, anh compéc thuong phi-
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compac ctia khong gian métric kha li dia phuong = X c¢6 sn-mang Lindelof

o-httu han dia phuong (o-dém duge dia phuong).

2.2.5 Vi du. Ton tai khong gian X c6 sn-mang dém dudc dia phuong ma X
khong 1a ¥y-khong gian (xem Vi du 2.19 trong [X. Ge, Spaces with a locally
countable sn-network, Lobachevskii J. Math., 26 (2007), 33-49]). Do d6, X
c6 sn-mang Lindelof o-dém duge dia phuong. Nhu vay,

(1) Khong gian véi sn-mang dém duge dia phuong # X ¢6 sn-mang
Lindelof o-hitu han dia phuong.

(2) Khong gian v6i sn-mang Lindelof o-dém duge dia phuong = X ¢6

sn-mang Lindelof o-httu han dia phuong.
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